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Received October 30, — Read November 23, 1854. 

I PROPOSE in the following paper to investigate some new methods for summing 
various kinds of series, including almost all of the more important which are met 
with in analysis, by means of definite integrals, and to apply the same to the evalua- 
tion of a large number of definite integrals. In a paper which appeared in the Cam- 
bridge and Dublin Mathematical Journal for May 1854, I applied certain of these , 
series to the integration of linear differential equations by means of definite integrals. 
Now Professor Boole has shown, in an admirable memoir which appeared in the 
Philosophical Transactions for the year 1844, that the methods which he has invented 
for the integration of linear differential equations in finite terms, lead to the summa- 
tion of numerous series of an exactly similar nature, whence it follows that the com- 
bination of his methods of summation with mine, will lead to the evaluation of a large 
number of definite integrals, as will be shown in this paper. It is hence evident that 
the discovery of other modes of summing these series by means of definite integrals 
must in all cases lead to the evaluation of new groups of definite integrals, as will 
also be shown in the following pages. I then point out that these investigations are 
equivalent to finding all the more important definite integrals whose values can be 
obtained in finite terms by the solution of linear differential equations with variable 
coefficients. Again, there are certain algebraical equations which can be solved at 
once by Lagrange's series, and by common algebraical processes ; the summation 
of the former by means of definite integrals affords us a new class of results, which I 
next consider. A continental mathematician, M. Smaasen, has given, in a recent 
volume of Crelle's Journal, certain methods of combining series together which 
give us the means of reducing various multiple integrals to single ones. The series 
hitherto considered are what have been denominated "factorial series"; but, lastly, 
I proceed to show that analogous processes extend to series of a very complicated 
nature and of an entirely different form, and for that purpose sum by means of 
definite integrals certain series whose values are obtained in finite terms in the 
' Exercices des Math^matiques ' by means of the Residual Calculus. The total result 
will be the evaluation of an enormous number of definite integrals on an entirely 
new type, and the application of definite integrals to the summation of many intri- 
cate series. 
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Let us first consider the series whose general term is 

oc(a+l)...{a + n-l) a!{a.'+l)...{a' + n — l) x" 



^(/3+l)...(i3 + M-l) ^'(/3'+l)....(|3' + «-l) 1.2.3...M 
Its surn will be found to be 

r«r(,3-«) r«'r(/3'-a') Jojo'" •••(i-«^j i^ ^; 

Next, if we consider the series, whose general term is 

1 .r" 

i8(/3+l)....(j3 + «-l) i3'(/3' + l)...(/3' + M-l)"l.2.3...«' 



• (fofi^Z. 



we find for the sum 

We may easily reduce this to a possible form by putting 2;=tan^, ^'=tan^, &c. If 
the series to be summed is of the nature of both the kinds of series we have been 
discussing, we must combine the two methods of summation together. 
Now consider the following differential equation : 

u+<p(D)s'"'u=0, where s''=x. 

This equation can always be satisfied when the factors in the denominator of ^(D) 
are real and unequal by a series of the form 

"- ^ +^'/3y.. ^''+a'(«'+ l)^'(/3'+l)7'[r'+l)7. 172+ ^^• 

We shall suppose that the number of the quantities a, |3, y &c. is always less than 
the number of the quantities a', j3', y' &c., and, for the present, that the magnitude of 
a, j3, y &c. is always less than that of a', )3' &c., each to each. Then the sum of this 
series by means of definite integrals can always be found by the preceding theorems. 
Now Professor Boole has given, in the memoir I have before mentioned, the con- 
ditions which are necessary in order that the equation ^-{-^(D)^™^— may be inte- 
grable in finite terms, which are therefore the conditions that the sum of the above 
series, and consequently the value of any definite integral equivalent to it, may be 
found in finite terms. I shall now give some instances of the evaluation of definite 
integrals by the application of these principles. Let us consider the symbolical equa- 
tion 

and assume for its solution 






l^^^v 



W— Tjy— pr7p^;;;;;^=0, so that M==(D — 2)y, 

whence v=CiXB^''-\-C2Xe~'^''. 

Hence u=Ci(jjbx^—x)s'^-{-C^{(^x^+x)s''''' • 
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and we find from this the series 



xU 



l+r-V.+?-T^ 5-4+ &C. 



5 . 2'-^ '5.7.1.2 

2 2 



::^.i 

2 



2" 



= 2il3{(K-^)^'"+(K+^> "'''''} • 



\l?X^ 



Whence we find, putting p for -^, 

i ^^t?^>/cos^ 6'^'=°''^ COS f |M- sin ^ cos ^+ 



— tan^) 



;^|2^a^^_^f*g=^'^ +2f/,r^^'^ +x/f^r^^4. 



2|«. 
Next consider the symbolical equation 

(D-l)(D-3)(D-5)M-iu-¥'"M— 0, where 6"=^;; 

and assume as the transformed equation 

(D- l)(D-2)(D-3)y-|«-¥"i;=0. 
Then M=(D-2)y, 

and v-Q,x^^''-\■G^^^"-^C^x-J^^' ; 

where I, a, |8 are the three cube roots of unity. 
Hence u^Q,{^x'-!£)i^\Glai,.x'-xY^^''-\-^,{^[i'X^-x)i''. 

We must determine C^, C^, C3 according to the series we have to sum. 

we find 



2,\).^ 



Siu.* 



H 



,,60^6 



'5 7 * 38 """5 8 7 10 , ^ 3«= ^ 



3 3 



3 3 3 3 



•1-2 



■_!^ a/3 > 



=r-4(f^«'-*)s''"+i-4(2K+^)s ^cos---pa; 



"3/:** 



3f*' 



^3 -!^ • a/S 

xz 2 Sin -^ fix 



3ju,' 



TT TT 



Whence 



i ^^ </^(;ipg'^'=»=*~'<f«<'^(*+''",C0S~*^C0S*ip 

jfi COS ^ COS <p sin (^+^)+|-+y- (tan ^+tan^)| 



25r 



■3 a/3s2 |/^4 



(3^/^- l)e=*^+(6^/f('+lK ~ cos 






/- -tit . 3 a/3 v/f*! 
— V3s 2 Sin 2 — \' 



z2 



(I-) 



(II.) 



160 MR. W. H. L. RUSSELL ON THE THEORY OF DEFINITE INTEGRALS. 



Also 



X" 






Z ? 1 ^^ 7 10 8 11 36 

3'3* 3' 3 '3" 3 



=3-5(j!*<2? — 2j;)e'^'^~g-5 (jt*x— 2)g 2 cos i£i.x" 



, 40 V'3a?, , „v -^f . v'3 



3/x» 



Whence V^ | ^ j^^^5,.cos«cos<peos(9+«)) ^,^^4 ^ ^.^gl ^ 

cosjjti COS e COS ip sin (^+?')+-3-+ 3 — (tan ^+tan (p) \ 



'"^ ^(3^p.-2)a^^-(3^^-2)r^-^cos^4i:^ 



3 v'Se^ v^ia« 



3!V . 3 v'3 v^,.* 



(III.) 



+V^(3A/fA+2)g— / sin 

Again, let the symbolical equation be 

{T)-\){J}-'i){J}-b)u-ii?(D-Zy^u=^Q, 
and let the transformed equation be 

(D-l)(D-2>-/AV"r;=(D-l)(D-2)V, 
whence «— (D— 3>, 0=(D— 3)V. 

Hence we find V=Ca?^, 

and v=C.,x-\-C^xf-''+C^ocs-''^, 

whence u=. — 2CyX+C^{i/^K'—2xy-\-C^{—lMx'~2x)i->"' ; 

we determine C„ C^, C3 according to the series we have to sum. Heiice we find 



xH\-\ 



2 /U.V 2.3 ytiV 



■5 22^"r"5"7 23""^ &<^- 

-.3.1 -.1.3.4.1.2 



24a? , 6 , ., , 6 

'=7?"+^4(^^^-2j?)s''^--4(f*x^+2.r)a--\(IV.) 



2 2 2 

Hence we have 



«^'<) a/ 



\ dddv v{ 1 — w)-* cos St"'"^^ cos (f*y sin 6 cos ^+3^ — tan Q) 



By a similar method we find 

2 ix-^x^ 



"^^-^^(^/^-l)s^^'^-^^(y^+l)e-^^. 



1+ 



3.Z.1 2^ 3.4.t?.1.2 

2 2 2 



2.3 A* ■ 
^+&C. 



120a'^ 30 30 
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whence we rmve 

IT 

\ \ ^ d6dv v( 1 ■-v)i cos 6 g"""^'* cos ((Jt>v sin ^ cos ^+3^— tan 6) 

Jo J- 1 

It is to be particularly remarked, that we may in many cases simplify the final 
results, which we obtain by means of these summations, by the use of the theorem 

r- r- r~-T'^={2^y^n'i. 

n n n n ^ ■' 

Again, let (D-l){D-:^)(D-5)u-[jt.(D-2)(D~4)s'u=0, 

and assume as the transformed equation 

(D-1)?;-|£A2V=0. 

Then u=(D-2)(D-4)v 

0=(D-2)(D-4)V, 
whence V=Ax^+B«*, 

and v—C.ifjuaf'-xy+Cs.x^+CsX, 

whence M=C,(pV— 3it*a?^+3xy^+C2**+C3«, 

where the constants must be determined by comparison of this expression with the 
series to be summed. Thus we have 

x^|l + |^f.*+|^|^^'+&c.|=^42''>V-3K+3*)-^+^«^^. . (VI.) 

Hence ^^^;^V*rf^;c?^=^(fA'-3|!*+3)— ^+2^- 

Moreover we shall find 

whence |' JJ vz\l -vy^'dvdz=^,{fjk-2y+~(^l+^ -^. 

We shall also find 

,f, , 2 , 2.3 a2a?2 _ 2,3.4 aV I 6. „ ^,,,6, ,,^, /xrTrr x 

^4|i+_^^^_.^^___.J^+&c.|==^(K-2*)2'"+^(K+2^)- (VIII.) 

Hence ['«(! -z;)rJj;=^(f*-2)s'^+^(j«,+2). 

These three last integrals can be obtained by ordinary integration. I have intro- 
duced them here partly for the sake of system, and partly because we shall require 
the series which they represent on other occasions. 
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We may extend this process, by performing operations with respect to the quan- 
tity (jO-). Thus we may operate on any of the integrals we have obtained by such a 

symbol as F(^), where F is any rational function ; and if it is an entire function, we 

have merely differentiations to perform. If it is a rational fraction, and the factors 
of the denominator are real and unequal, we may decompose it into simple rational 
fractions, each of which may, in its turn, be transformed into a simple integral. If 
we apply this operation to any of the results we have obtained, we immediately have 

a definite integral I \..Fs'''^F(Q)dv... dO... expressed in a series of single integrals, 

where the integrations are performed with respect to {(/,), and (/u-) may be taken be- 
tween any limits. But (ia) must in no case pass through zero, as the definite inte- 
grals, on which we operate with respect to do/), cannot be found for that value of /a 
by the processes we have been investigating. There are many other operations of a 
similar nature, which it is easy to imagine. 

I am now come to the second part of this memoir, the investigation of those new 
methods of summation, and of the definite integrals corresponding to them, to which 
I have before alluded. Let us consider the series 

*"r^ + ^(/3 + l).1.2"l"/3(/3 + I)0 + 2).1.2.3"r*'^-' 
where (|S) is an integer. The following integral is known : 

d6 5*™'*cos(a sin ^)cos n6=-^ • -, o ^ ; 

^ ' 2 1 .Ji,a...n 

Hence we find for the sum of the above series. 

Next let us consider the same series when ((B) is a fraction. We have 

except for ^=0, when 

2r/3 fi-iC'C" 



f 



r/3 



=^rr dddvil—vy-h^'^'^cos (a sin 6) 



and we find for the sum of the series, 
^-1 



— 1 \ {l—vy-^s'''°'^cos{asm0)s~^dddv—L 
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The following are instances of the application of this method obtained by using 
series 1., III., IV. : — 

«" d6dzil—z)^ j^(«+«)cos9j,Qg (^^ gjjj ^) pQg ^^^ gj„ ^^ 
-IT 

I I 1 1 j«cos9+3cos?+n»)«cos(9+<I!) /-J t'^'^fl ~)^ 

,'o Jo J-jtJ-t 

cos (a sin ^) co8(/3 sin 9)cos(fAVZ sin(^+?!))c?^«?ii5^f c?^ 

|(3>/fA^— 2)cos^-|^ -v/i^-v^S (3v^^+2)sin ^-|^ V^fAO^} 

nir _Jl_ 

d6 dv v{\ —v) 2 g^°'+'«'^'=°^»cos(2^4-jM,y sin ^)cos (a sin §) 
—n 

Again, we know that 



i ''c?^cos^^cosw^= '^J^±}± 

Jo 2^.T(^ + l)r(^+l) 

from which we may deduce the following: 



J_£ 2''+*-T«r6 



2 

Now consider the series 

'^/3'*^/3(/3 + l) 1.2^^(/3 + l)(/3 + 2) 1.2.3^ °''"' 
where (a) is greater than j3. Then by the above formula 

■n 

^|±|=:^'f^r(«-^ + l)£^ rf^COS— ^ ,(..^.-H«--.)« . 

2 

and we find for the sum of the series, 

2«-' ri3r(«-ff+l)l ^ ^^j.Qg«-i^g(.ip-«-i)ie^2cos«A 
It Vol J^I. 

2 

In like manner we can find the sum of the series 

'^^ ^'"^^/SC^+l) .S'(i3' + 1) 1.2^ ' 



£ 



where cs is greater than (3, «' than ^'. 
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The use of this integral will give an important extension of the method I have 
employed for expressing the integrals of differential equations by means of definite 
integrals. For in order to the success of that method, it is necessary, as is shown 
in my paper in the Cambridge Mathematical Journal before alluded to, that the 
magnitude of the factorials (if any) in the numerator of each term of the series to be 
summed, should be less than that of the corresponding factorials in the denominator ; 
whereas this integral enables us to sum series in which the reverse is the case. 1 
shall now apply the series, whose sum we have just found, to the evaluation of definite 
integrals, using series VI. and VII. Hence 

IT 

) \\ d6dv v{\ —vf cos^^ g"*^"""^'* cos (2|«,y sin 6 cos ^+^)=^(j!a'— 3(«.+3)s'^-^+^2 

"""2 

IT 

r I ' dedv v{l—vy cos*^ g"''"''''* COS (2/!i?; sin 6 cos 6-\-2d) 

Jo J-| 

By a process similar to those used above, we find 

, 2 I1.V , 2.3 U.V , . 

1+r V+i"^ V+^^- 

• -.3.1 -.^.3.4.1.2 

2 2 2 



Hence 



\ d&d<p g««o^<P+2f''=»^«'=o«{«+« cos 6 cos (« sin ip) cos 2(^4-j«, cos d sin {6-\-<p)\ 



The following formulae are found in Creole's Journal : — 

cos''-'^cot*^cosa^i^--^^'' + ^"^)- " 



1 ■ r(«)r(6) „ b^ 

^ ' ^ ' 2 cos— 



cos''''^^cot*^sina^rf^ 



_T{a-rb~l) tc 









" cos«-^ cot*^ rv^=^+|i:i) . ^/»-«i. 

TaVb sin ^tt 



whence we find p^— = — - — g 2 J 

In this formula we suppose (6) to be less than unity. 
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Now put &=oj then 



"2 

r 



i'-l) 1 .-f 

Ta Vtt Jo 



' COS"-'^ cot* d i^'" ; 



5 

and putting a=zn-\-x, we have 



whence we find, from series IV., 

, ■ 2 ,2.3 fi^ , 
'^5 /^5 7,, 1-2^ 



r(« + 2) i^^_.| I ^^^^^^ ^ ^^^^^ ^,,^^+^,^ 



1.3 -.1.3.4 

2 2 2 



I IT 

=2^2~T I I cos*^ cot*^ g2 6'^°''^ COS sin p s^'^d<pde s"""^ e'^^^'^\ 

/ . 27r V T -^2 , « V'2\ • 

.-. I Since — &■*= -^~-\--±~=- 1 we have 

IT 



Ih^Vl ' 2 \/2/t2''^ ^ ' 2 ■v/2;[*2 

Let US again consider the series 

^"'"^•^"'"^(^ + 1) 1.2'T"/3(/3 + l)(^ + 2)"l.2.3't"*'^- 
Then making use of the integrals 

r(«+w)=| i-V"-'dz, and r(«+«)=/j"+"2-?f''+"M g*'*«''+'-W«, 

Jo Jo 

where (h) is a constant quantity, we find as the sum of this series, 



^■2\rr»""""^'^(rfi> 



PjS e _™ C r°° s'" '^g^^ 

and K"2^^"^ . J_J_^6?W;2^«->a*'*^j:j-^a-.+<»; 

also when /3 is an integer, we may find the following expressions as the sum of the 
same series : — 

K'«til I d6dz z''-U~' cos (csm6) s''''"\p-'^''.s ' > 
and also r^-^^^^^r^'s""^! i dddz z'-H"'" cos (c sin ^y^' .i^-'^"> .s '. 
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Fro.m hence we obtain, using the fii-st of the two integrals and the series 

, , 2 , 2.3 iM.2 , 2.3.4 ft^ , „ 6 , „s , 6 , , ^, 

i+i^+4:3-E2+4X6-rb+&'^'-=^3(^-2)^^+^(/*+2) 

TT 

j j \d&dzi'""""'^-'' z cos'^ cos ((0-2 sin ^ cos ^+4^— tan ^)=^(j6(,— 2)s''+^(ia,+2), 

rf^rfss"°'*+'~^-*;2Cos(csin^)cos('--^ \-'d6\ 

=^(^-2K+^(^+2). 

The second integral will require in its applications, that we equate possible and 
impossible parts, in other respects the results will be analogous to those we have just 
obtained. 

There are one or two other methods of summation which I shall briefly notice. 

We see at once that 

^^2^1.2 3^1.2.3 4^ ^ — j* 

TT 

Now if (r) be any integer, -=-^ — - — 1 ^ d6 log^ cos ^s^''*. 

TT 

Hence i+^+J^.|+^.^+&c.=^ P J^log^cos^ 

a 

Whence t \ d6 log, cos 6 r""^"^"* cos {(h sin 2^-2^)= 

The integral I ^sin^cos^''^=2;q7| 

can be employed in the same way. 



s .s 



n ^—l 



2 ft 



Again, J^' 

TT 



5r 1 

cos" ^ COS n 6 dd=-^-^' 



whence ^ '_ d6 cos** ^ £•""= J- 



2 

„2 



Hence using the series '+~"P"^"r3 2*~l"^^'"~ — 2 — ' 

2"^ 2"2*'''"^ 

we find 

p^ j '\ d6d<p cos-* ^gf'^oos^soo.^co.css-?) coJij? sin(2^— ip) cos'^ cos <p+tan ?)-|] 
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There are some other definite integrals which we may use in the summation of 
factorial series, as 



I 
I 



^ 7A „^ A « ^ "■ n{n—l),..{n—r+l) 1 
rf^cos"^cosw^cos2r^=T--^ — rirw • hj-' 

dSsm^^i _ (2w-l)(2w-3)...3.1 w 
(1 — 2acosa+a2)— 2«(2w-2)...4.2 *2' 

' <fea^-'(l-a;)^-' _ 1 r«r|3 

(« + a)«+'^ ~a^(H-a)«"r(« + /3)' 

" ^ » ^ _|_/,V-m-» 1.2.3...m+»— 2 

.„ {a+ix)'"{b-ix)«~'^'^^^~^"^ *1.2.3...to-1.1.2.3...w-1' 



j: 



x'^-idx 



and probably some besides. 

I shall now offer a few observations on the nature of the integrals we have been 
discussing. The preceding investigations appear to be equivalent to a solution of 
the following problem : — "To find the definite integrals, whose values can be deter- 
mined in finite terms by the solution of linear differential equations with variable 
coefficients." It should seem that the definite integrals, which we have considered in 
this paper, are the most general ones of any importance, whose values can be found in 
this way, for the following reasons : — If we expand any definite integral, which is a 
solution of a differential equation, and its equivalent in terms of the principal variable, 
and equate like powers of that variable, we obtain a series of definite integrals of a 
simpler kind, each equal to a fraction whose numerator and denominator consist of 
factorials, and can therefore be expressed by the products of Eulerian integrals, or to 
the sum of such fractions. Now I have employed all the more important definite 
integrals of this class, which are yet known, in the summation of the series which 
satisfy the differential equation 

and as the properties of the Eulerian integrals have been much studied, and the 
integrals whose values are dependent on them consequently well known, it is pro- 
bable that the definite integrals, which we have considered in this paper, embrace all 
the more important ones whose values can be determined in finite terms by the solu- 
tion of the above equation. Were we to employ equations of a more general form, 
we should find that the successive terms of the series which express their solutions, 
would be given by equations of finite differences, in which the members equated to 
zero would each consist of more than two terms. Consequently we should be unable 
in the general case to sum the resulting series by means of definite integrals ; and in 
those cases in which we might find this possible, the integration of the differential 

2 a2 
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equations in finite terms would be practicable in very few cases. The following 
method of determining a well-known definite integral is here added, to show the con- 
nexion between previous investigations relative to definite integrals, and those given 
in the present memoir. 



We know that l-^+r^-rTl+'"=^"' 



._{2r)\l, (2rr .1.3_ (2r)« 1.3.5 , g 

1.2 2^1.2.3.4 2^ 1.2.3.4.5.6' 2^ "^ ~ 



Qp i V— / .-_1_ \-- / . \— / .--- J_Xrr. «— >* 



1.3..2W— 1 ^T[ 

2« '~2~' 



Hence remembering that \ dz z^^'"^ 

we find f "g-*' cos 2rz=~s-'\ 

Jo 2 

I shall now enter on some investigations connected with Lagrange's theorem. 
Let \—y+ay'=i) be an algebraical equation. Then Lagrange's theorem gives us 
the following series : — 

I m{m+2r—\) m{m + nr—l) (m+nr—2)....(m+n(r—l) + l) „ , . 
^'"= 1 +ma-\ j-g ^a''-t-&c.4— ^ 1.2.3...W ^ ^^--'a"+ &c. 

If we apply the usual test of convergency to this series, we find that (r— l)a must 
be less than unity. 
Then we see that 

{m+nr—1) {m + nr—2)...{m+n{r—l) + l) 
+ 1.2.3...(n-l) ^« +&«• 

Now (m-l-wr-1) (OT-t-nr-2)...(m-Kr-l)4-l)= r(^_^;(^_^^_j,^^ ; 

wherefore, since ^ j^p^ ^ = ^— 1 cos''+*-'^ a'"-*''* J^, 

2 

we have (m-f-wr— l)...(?ra+w(r— l)-f 1) 

w 
nm+mr— I-p/ \ /•"J 

2 
oo ^ 

—t 1 I iM2cos'"*'"-'^s^™+"^'-^'+"'^s"-'r^ 

TJ u 1 . /' I o ,\ I {m+Br-l) (m+3r-2) „ , . 

Hence we have l-\-{m-\-2r—l)a+- ~~ -u^-\-kc. 

IT 

=f 1 \ <fMs;cos'"+'-'^s'''°"""''''*"°'^'-^^*-* 

cos {2''az cos""^ sin (r— 2)^-f (m-f r — 1 )^) ; 
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Jo J-^ 

cos(2''a;zcos'"^sm(r— 2)^+(/w+r— l)^)=-^+;3i ^- 

^ 7/ft W€* 

Let r= 2, then we have 

2 

where (c) is of course less than unity ; an integral given by Abel. 

When 2'"a is less than unity we can always integrate with respect to (z), but may 
obtain a single integral more simply by proceeding as follows : — 

{m+nr—l) (m+nr—2)...{m + n{r—l) + l) 



We have 



1.2.3...M-1 



TT 

Z=i I dd COS'"+'"-'^ j(m+«(r-2)+J).fl , 

"^ J_^ 

2 

consequently we find by summing a geometrical progression, 

r .7.1 ...,,--^--mI '^°^('»+^- ^)^-^'"" ^°^'^ cos(m+ 1)^ 1 



m da 



When r=2 this result coincides with that last obtained. We may obtain a very 

general result by applying Fourier's theorem to the series of Lagrange and Laplace 

as follows : — 

liu=f{y), and y=z+x<p{y), 

d x^ 

we have «=/(«)+ {^(«)/(2)}'J^+^{?'V^}r:2 + ^^- ' 



Now we generally have F(z)=l j co%o(,(z— %')¥%' ~^— 
whence <p%z)fz=V f" s'^'^-^y (^O/'C^') 



25r ' 

da.d:^ 
27r 



Hence substituting in the above series, we find 
Consequently we find the following definite integral : 



;«&' 



I 1 Jos6Z^?)(a')/(2')cosa(s— 2'+-»?'(2'))=25r' 
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Again, from Laplace's theorem, we have 



J-ooJ — 



dadz' cos k{z—z' ^x(Pi(p^z')(pi(p^%^f(p^z''=2'z-i-, 



where u=f{y), i/=p^{z+xp,i/). 

These theorems of course suppose the series from whence they were derived to be 
convergent. 

As examples we may take the following. 
Let ?/=l+x/, 

then j 1 doidz' cos ci(l—z+a;z^)z^ 

Also let i/=l-\-xi'', 

J 00 /loo Q—g.y 

\ cosoc(^l—z'-\-xs^')i''dadz=Yzr~2i' 

which we may modify thus ; by eliminating (x) 



rj:™"(^^^^^^^i^)--=£ 



■y 
Analogous methods apply to series involving Bernouilli's numbers ; thus we have 



s^-l 2^1.2 1.2.3.4 * 

r(2M+ 1)"~22"-%2"\1^"~22»^32»T^ "^^-y 

a? X x\ \27r °'5'/ 

Hence we have I — ^^ — ^~^ — =^- \ . —tt' 

Jo ■2—1 2 s2OT— 1 2« 

In this formula (a) must lie between and 1, as it is necessary for the convergence 
of the above series that x should be less than 2x. 

I now enter upon the consideration of the processes I have before mentioned for 
reducing multiple integrals to single ones. We easily see the truth of the following 
equation : — 

l+^i_+^?^ 4--^—^^' + &C. 

1 j2 2^ _.5 1^ 2^ 2** i ? £ 1^ 2® 3^ 2® 

2 ' 2 2 ' ' 2'2'2' 

~^ "^1.2. 1 + 1. 2.3.4. 1.2+1. 2. 3.4. 5. 6.1. 2.3 "*"^^* ~^' 
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Hence we have 2 r.ief" f°° s^^+^'^dzd:^ 



J-x, J-, 



— g(l+t»)(l+i«').2* 



Hence \\ j %*^<"*"°^«'^'''f''+«'>cos-4^cos-'f.(?M?), 

¥ 'i 

cos( ^ COS 6 COS ^ sin {6-\-p) +2+'?— (tan ^+tan f ) 

= — 2—1 </^s°"=°'''cosasin^.g «' cos*— ^2— 2" (-^O 

But we may effect these reductions systematically by means of the following pro- 
position due to M. Smaasen: — 

If «(,+«! a;+a3j;^+a3 a?" 4-&c.=9j(«), 

and b^-\-hiX-\-b^x'^-\-b30i^-\-k.c.=ipJ^x), 

then «(, &o+^i ^) <*+o'2 ^2 *^+&c. 

M. Smaasen has also proved in the same paper, that if the sums of the three series 

ao+«i x-\-a2 x^-\-a3 x^-\-k,c. 
&0+&1 x-\-h^x^-{-b3 x^-\-hc. 
Cfl+Ci x+Ca a?^+C3 a;'^+&c, 
are known, we may determine the sum of the series 

«o ^0 Co+ffi ^1 Ci a;+«2 &2 C2 «^+&c. 
by means of a double integral, but we shall not want this in what follows. 

Now 1+1:2 + 1:2:3:4+1.2.3. 4.5.6+^^- = 2 

consequently 1 + r hn h&c. 

i.l2.22 ±.£.12.22.24 



1 r 4^::^!^^±ii::!!!±-^ u.-«+a-~«}. 



"2tJo 



- g~'^*'£~* 



_.25VJcos|- cog Z"^- sijj N ^2s-^^™4 cos L/x sin g) ; 
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•• 1 «■ 1 ff^ *^^^ 2^ COS ^<pdM(p, 

cos^l COS ^ COS ?i sin (^+<p)+2+?'-- (tan ^+tan ^) j 

=i^rt^J(s™=l+r«<'^{)cossm|j{2''"'^»cos(|M.sin^)} . . . (B.) 

Hence we find, by comparing (A.) with (B.), 

i (^^g»":<'s«cos(|M-sin^)J2s f* cos (£"™?+g-'"''?)cossin2[='r. 

We Iiave already proved that 

- .2 , 2.3 a?^ , 2.3.4 *3 

i+4*+4:5-i:2+4X6-i:2:3+^^- 

-J , , 3 a; , 3.4 a;2 

Hence 1 +-.-+—._ +&c. 



tft W If* 3^ 

and l+^«+Y;2"+iT2T3+^^-=^' 



#* 



Consequently the theorem of M. Smaasen will give us the sum of the series 

3 it.x BA ftV 3.4.5 i)?ifi „ 

^+2"5.1+2.3"5.6.1.2+2.3.4'5.6.7.1.2.3+*^^" 

by means of a single integral, and we obtain 

TT IT 

=~ r<?^{6(cos 3S+2 cos 4^) +68""^* cos (3^- sin^) 

— 12s""''* cos (40— sin ^)— cos ^}sf"»^» cos (,«, sin ^). 

The fundamental idea of the preceding calculations, as will be readily seen, is as fol- 
lows : to reduce every term of the series proposed to be summed by means of definite 
integrals to the form of the general term of the series whose sum is given by the 
common exponential theorem, and then to find the sum of the whole quantity con- 
tained under the signs of integration by means of that theorem. The factorials in 
the numerator of each term may be taken in any order we please relative to those 
of the denominator, provided that the same relative order is observed in every term 
throughout the whole series ; moreover, we may use different integrals to express the 
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same factorials, so that we can deduce the value of many definite integrals from one 
series. 

I shall now give an example of the summation of a factorial series of a somewhat 
different nature. 

Consider the series — 



we know that | ^ g'"*(cos^)''=j 



1.2. 4. ..2m 82— s » 



(a^ + 22) (c? + 4^) . . . (f + 22»^) « 

Hence by substitution the above series becomes 



— - — f^ dkA\ 

5 2 — 6 2 Iff *- 



63_8~jJ_5 



^"T:2~"''n2X4"'"^^- 



off r-V«cose_l_,- VJcosfli 



</^8"»{g^*«'»»4-g-'^*°'''*} 



There are other series of an analogous nature which may be summed in a similar 
manner: the object of introducing the above summation in this paper, is to point 

IT 

out the use of the integral j ^ s''*(cos 6f, when impossible factors occur in the deno- 

minators of the successive terms of a factorial series. 

In the ' Exercices de Math^matiques,' Cauohy has proved that if a be a quantity 
of the form ^(cos (p+* sin ip), and %^{%) continually approach zero as ^ indefinitely 
increases whatever be <p, then the residue of (p(«) is equal to zero, the limits off being 
and (co ), and those of <p, t and — t. From this theorem he deduces the sums of 
certain series, which I shall presently consider ; but must first give certain results 
which will be useful in the sequel. 

Since \ 2~"*' cos 2a;Ja:-=jr-7=a ^ 

Jo 2 Va 

-i. V'a r~ _2^ , 

i o= — _ I g 4 co^ixax. 

Again, since 1 g*-'"'=— -^ gJ^, 

J-oo Va 

we find 8" = — 7=1 s *dx, 

2v?rJ-« 

whence we have g"— g «=— — = I dx{f— cosa;)g~ * • 

2 VirJ-K 
MDCCCLV. 2 B 
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The first series we propose to consider is the following : — 



irx ird?\ 



^— jptan-^+^s-g tan-g-+^r-^tan^+&c.==^ Hr-^f 1 -ta» Y 

X a ~^ a ^^ a l\e 



«■ 



5 9 ^2 25 x^ L\s +£ 



Put rx^=§, then this series with its sign changed may be resolved into the three fol- 
lowing : — 

_£l_+ g . ^^ 1. g , ^^ 1, _Q , „ 

2{l+xy^'^2'^2{9 + x^y3^'^^3.2'^2{25 + x^)5^^^5.2'^^^- 

*.g.^l gi^l gio 

tan|-T7^--r.^tanr^-T7^--T.r.tanr^+&c. 



4(l + a?)'"'"2 4(3 + «')'3'' 3.2 4(5 + i») 5 ^"•"5.2 

The general terms of these series are respectively. 



— tan , ^ 



2{{2n+\f + x^] 2ra + l''""2(2w + l) 
4{(2n+l)-i»}"2«+l*^"2(2M+l) 

X \ q 

— -tan; 



2n 



~4{(2jj+l)-a;}'2M+T 2(2m4-1)' 

These terms become after transformation, since 

J, 6«_s-«-* —2*^" 2' 

fj;^«.--^-sin..j;- (,„_.,t,^j _;&(.--.os.).-gff^j;'A_,og-ii,: 

Each of the series is consequently reduced to a geometrical progression ; wherefore, 
summing the three progressions and taking the aggregate, we have 

r r r C{i"-cosvy~''-^Aog~^-^{2si.xixu + B"-s-")dsdvduds 
Jo' Jo J-ooJo (e'"-6~''^)Vi(l_6-:2«-2-5;s2) 

'^^if.nn^^^_( ''~' M y 



MR. W. H. L. RUSSELL ON THE THEORY OF DEFINITE INTEGRALS. 175 

Next, let us consider the series 

1 1 

^ - C0tT«^ + -^C0t^+-^C0t^+&C. 
1 ' a;® 4 2 ' a?^ 9 3 ' 



x^ 4 x^ 9 x' 



-.-s\ cotVx- 






Let each terra of this series be transformed by means of the integral 



■ cot a^r, 



and we have 



SCO /loo /loo f% 
VO »/— 00 «/ 



e'^+^^S^^ logj"* - (2 sin ajw + 6«— s-») dsdvdudz 



100 /^OO /HOO /Hi «3 T 



= ^H ( s^^-e-^^ ; -COtVxj- 

1 1 

Agam, __.sec--^-^sec_+^-^seo--&c. 

'^ x^ 9 x^ 25 x"^ 

-^K ^ V-sec^-l- 
Here we reduce each term by means of the integral 

r" ds{e'"'+i~'^) _l ». 
J^ e-^ + 6-"^~ — 2^^^2' 



and we have 



/too y%oo /too /»! 

»^0 »/0 t/— oo t/O 



Jf_ i I 

(e" + cos v) 6 "~4«2x log,"' - (2 sin xu + 6«»— s-") dsdvdudz 
s 

{s-^'^ + e-'"') \/z{l + t " 27,^:18^) 

.nsx '' " 



= 41««« 2 ...^ 






Also, smce -cosec tto^ — ^ — - cosec -—4—5—- cosec --.~&c, 

ji x^ 4t 3a^y 3 

=§{(?;^3Fs)'-cosecV*|, 
we have, transforming each term of the series by means of the integral 

C"z'^-^dz 

I -T-r— =TcosecaT, 

Jo ^+^ 

2 B 2 



176 MR. W. H. L. RUSSELL ON THE THEORY OF DEFINITE INTEGRALS, 



Hoe f%V) /%M /*!„,„ ^^ 1 



SCO r»60 /%M /•! 
«/0 »/-oo Jo 



s 



-K+«- 



to2iogs«log^ 5- {2sinsm + s'^—e-^)dsdvdud3 



2 



j cosecVa-— r 



=T^-^ cosecVa- 



.JTiP c — ITiP 



,S™ — S 

Let us next consider the series 

sinfl , 2 sin 29 , 3sin3fl , „ w s«CT-9)_g-a(^-9) 



l+«^ ' 2^+a2 ' S^ + a^ 1 '^"" 2 ea^-j-"" 



The general term of this series is 



n sin m 



also, we have a , 2 = 1 g~"* sin azix, 

«■ +« Jo 

and S-' sin ^+g-^^ sin 2^+a-=* sin 3^+ &c.= - ^ ^7^'"! , ./ 

' 1— 26-^^008 9 + 6-2* 

Jo 1— 2s-''COsfi + S-2^ 2 sin J s<«7r_5-«,r 

In like manner from the series 

cos $ , COS 2$ , cos 36 , o _^ g«(.r-fl) _^ g-a(^-6] 1^ 

l+0c'''^W+^^'^3'' + Ot.^'^ 2i* 6«.r_,-«^ 2«2 

T" (6-«COs9-6-2«)<fe W ,«(.r-9)4.5-«(^-9) 1 

Jo 



f*OS BiZ — - 

;„ l-26-*COs9 + S-2« 2 5«'r-s-°"^ 2a 



Let us next consider the series 



1 2.3 _&c.=J-. 



jjr — g-it g2ir — 5-27r ' ^Stt — g-3)r 4^ 



■fir 1 ^u 4. r°°sintt2'.<fo 1 sf^ + l 1 

We know that I -~ — ^=j-- — r— jr 



2ft 

C" sm2nirsds _l I _1 1_ 

Jo s-'" — 1 "~2 1 — 6-2»w 4 4^3-' 



_1 _^^ T" sin2»7rg.& s-'"' ■ 



"» sin2ww2'.& . s-"" . e-""" 
2«ir 



Now X sin ^— jr^ sin 2^+x* sin 3^— &c., 

X sin 9 



~l + 2«cos9 + a;2 

From whence we have x sin ^— 2a?^ sin 2^+3a?' sin 3^— &c. 

a?sin9(l— a;^) 
~(r+2^cosT+^" 
It is hence evident that 

4^—^* K^ i;j^ (s2'^+28"-cos 2772+1)^^-1) 2 (e'^+l)2"'~27r.e''+l ' 

/•°° dz. sin 2v2 1 f s^'^-] _ 1 

''* Jo (s''' + 26''cos25r2+l)V''-l)~4e'^(«''+l)^(s''-l)l Stt ~^ J 
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Again, we have ,iFzr^-,2^_,-2.+ ,,^_,-,i -&cc.=0. 

We must transform the element «**"+' thus : 

® 2V,rlog,a?J_„ 

Lastly, vm=:-— I r ""(?«. 

Hence, combining these integrals together, and substituting for ^^ — z:^, as before, 

we are able to transform the above series into one which can be summed by the ordi- 
nary rules. The resulting definite integral will of course be equal to zero. 

Cauchy has applied the methods of the residual calculus to the determination of 
the sum of the series whose general term is 

/ . „_, e""— 5-"" M COS no. 

("~V s""— s-JMr n* + c* 

in finite terms. We may transform the element ^4 4 thus : 

,-4:^=^j;V-sin«.. 

/■•oo o2 

Again, g-""*'=-7r== I s~^cos2wz. 

Wherefore, combining these integrals, and transforming the other elements as 

before, we may find its sum by means of definite integrals. We may resolve 4 4 

into its partial fractions, and then find the sum of the series, which would be 
simpler. 

The transformation of e"""*' which I have used above, is due to Professor KumiMer, 
who has applied it in the seventeenth volume of Crelle's Journal, in a paper to 
which I am indebted for many ideas relative to the connexion of definite integrals 
with series, to the expression of the series 

and others of a similar nature by means of a definite integral. The integral 
'j- was first applied to the summation of series, whose terms involve elements 



Jo ^'"^ 

1 



of the form ^_q^m by Poisson in his Memoir on the Distribution of Electricity in two 
electrized spheres, which mutually act upon each other. He proves that the cal- 
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culation of the electrical arrangement depends upon the value of the definite inte- 
gral, 

sin cs.dz 



r 



% {b^'"'-!) {a + bsm^cz) 

I mention this on account of its analogy with the definite integral 

ds sin 2'!rz 



Jo 



whose value is found above. The principles contained in this paper will enable us 
at once to find the sums of the series 

^+'*+ 172+17273 + lT2X4+^^- 
, , tanfl , tan2fl , tanSfl , „ 

i+-r+T72-+i72:3+^^- 

and of many others which can be imagined, by means of definite integrals. The 
definite integral of Poisson given above occurs in the solution of a functional equa- 
tion ; and it is probable that series similar to those I have been discussing in this 
paper, may be useful in enabling us to express the solutions of other functional equa- 
tions by definite integrals. 



